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Classical entanglement is a powerful tool which provides a neat numerical estimate for the study of classical
correlations. Its experimental investigation, however, has been limited to special cases. Here, we demonstrate
that the experimental quantification of the level of classical entanglement can be carried out in more general
instances. Our approach enables the extension to arbitrarily shaped transverse modes and hence delivering a
suitable quantification tool to describe concisely the modal structure.
I. INTRODUCTION
The propagation of light may exhibit a strong correlation
between its propagation direction or, equivalently, its trans-
verse profile, and its polarisation, a phenomenon sometimes
deemed spin-orbit coupling of light [1].
This behaviour is observed in uniaxial crystals [2], in scan-
ning single fluorescent microbeads with a strongly focused in-
tensity distribution [3] and in polarisation changes along op-
tical fibres [4]. Such coupling does not allow to write the
electric field separating the polarisation from the propagation;
this has recently been interpreted as a manifestation of so-
called classical entanglement, as it bears close resemblance
to quantum two-particle system in a non-factorable state [5].
This interpretation has led to further insights and applications,
such as the formulation of an inequality criterion for the non-
separability of the optical spin-orbit coupling [6], the classi-
fication of Muller matrices [7], the use of multimode waveg-
uide transverse modes to classically simulate quantum entan-
glement [8], and advances in high-speed kinematic sensing
[9]; in turn, it has inspired novel approaches to quantum tech-
nologies [10, 11]. Crucially this analogy has established that
the same tools used to characterise quantum entanglement are
apt to describe and quantify its classical counterpart as well
[12–14].
Experimental classical entanglement measurements have
been extracted when the field transverse profile can be recon-
ducted to a discrete basis, in particular that of Laguerre-Gauss
modes, by direct inspection of the correlation between such
transverse modes and the polarisation [15]. The flexibility
of such method also meets up with the estimation of clas-
sical entanglement for vector beams [16] which is adopted
by Ndagano et al. to parameterize the vector quality factor
of a vortex beam. In turn, the same classical correlations
have been used to probe a quantum channel affected by at-
mospheric noise, based on its effect on vortex beams [17].
However, classical concurrence does not occur necessarily
only for these particular beam shapes. If further applications
are sought, then we need a general method for measuring con-
currence which does not rely on the details of the beam. Here
we demonstrate that a flexible measurement strategy can be
implemented by simply recurring to spatially-resolved polar-
isation analysis of the transverse profile. Our work demon-
strates that obtaining such quantum-inspired quantifiers is not
experimentally demanding, and provides concise information
on the nature of mode. Through our results, the use of classi-
cal concurrence as a valid figure of merit might find applica-
bility to novel scenarios.
II. THEORY
A generic (complex) electric field can be expressed as a
function of its transverse position ~r as EH(~r)ˆi+EV (~r)jˆ; the
more EH(~r) and EV (~r) will differ, the stronger the coupling
will be. We are then led to adopt a description of our field in
a quantum notation as a normalized superposition state
|Φ〉 = α|ΨH〉|H〉+ β|ΨV 〉|V 〉, (1)
where |H〉 is the horizontal polarisation, |V 〉 is the vertical
polarisation and |ΨH〉, |ΨV 〉 are the transverse spatial mode
states associated to the horizontal and vertical polarisation re-
spectively. Further, |α|2 and |β|2 are linked to the total inten-
sities of the two polarisation components.
This formalism allows us to utilise all the conceptual tools
that are commonplace in quantum mechanics to assess simi-
larities and correlations. Indeed, we can decompose the ver-
tical spatial mode |ΨV 〉 as a superposition of the orthogonal
basis {|ΨH〉, |Ψ†H〉}
|ΨV 〉 = a|ΨH〉+ b|Ψ†H〉, (2)
where we have adopted a single-mode representation for the
spatial profiles. In this description, the coefficient a represents
the overlap of |ΨH〉 and |ΨV 〉
a = 〈ΨH |ΨV 〉 =
∫
d~rΨH(~r)ΨV (~r)e
i(ϕH(~r)−ϕV (~r)), (3)
where ΨH(~r) and ΨV (~r) are the electric field amplitudes
of spatial modes of horizontal and vertical polarization and
ϕH(~r), ϕV (~r) are the spatial phases. The coefficient b, en-
sures the normalisation of the state in (2). When |a| = 1, the
state in (1) can be factored in a spatial and a polarisation part,
with no correlations; when a = 0, the two spatial profiles are
completely distinct, hence the correlation achieves the maxi-
mum permitted by the choice of α and β. Such information is
embedded in the entanglement of the state in (1).
If the superposition between the two field compo-
nents is not perfect - for instance, due to coupling to
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2temporal/spectral degrees of freedom- we need to intro-
duce a more general description, making use of a den-
sity matrix associated to the state in (1); in the basis
{|ΨH〉|H〉, |Ψ†H〉|H〉, |ΨH〉|V 〉, |Ψ†H〉|V 〉} the density matrix
reads:
ρ =
 |α|
2 0 αβ∗a∗ αβ∗b∗
0 0 0 0
α∗βa 0 |β|2|a|2 |β|2ab∗
α∗βb 0 |β|2a∗b |β|2|b|2
 . (4)
The diagonal terms describes the intensities of the different
contributions, while the off-diagonal terms describe their co-
herence. In order to account for a possible loss of coherence
between the |ΨH〉|H〉 and |ΨV 〉|V 〉 modes, we have intro-
duced a parameter 0 ≤  ≤ 1. The intimate analogy of this
mode’s structure and the quantum state of two entangled par-
ticles, suggests to evaluate classical entanglement using the
quantifiers of entanglement pertinent to the density matrix ρ;
in our 4×4 case, the standard choice is verifying the negativity
of ρPT , i.e. the matrix obtained by transposing the polarisa-
tion subsystem only. The occurence of a negative eigenvalue
λ(−) of ρPT gives a rigorous proof of entanglement [18], and
this can be used to define the negativity:
N(ρ) = −2λ(−), (5)
which is a good entanglement quantifier, ranging from 0 for
separable states, to 1 for maximal entanglement. The nega-
tivity so-defined is related to measurable quantities; experi-
mentally it requires reconstructing the relative phase ϕ(~r) =
ϕH(~r) − ϕV (~r), since we keep one polarisation mode as our
phase reference at any point. Contrary to shearing interferom-
etry [19] we do not need an absolute phase measurement; thus
to obtain the relative phase ϕ(~r) throughout the spatial mode,
a full state reconstruction is performed. An algorithm based
on the Lvovsky iterative maximum-likelihood reconstruction
[20] is been implemented in order to evaluate the ensemble’s
density matrices from statistical data. We used this fast recon-
struction algorithm to obtain the expression of the local polar-
isation states; this ensures that in each point the polarisation
is represented by a physically meaningful state:
ρpol =
(
ηH e
iϕ(~r)√ηHηV
∗e−iϕ(~r)
√
ηHηV ηV
)
, (6)
where ηH and ηV are the horizontal and vertical population
of polarisation. In order to find the ensemble ρpol which max-
imises the likelihood, we calculate the operator
R(ρpol) =
∑
p
Ip
prp
Πp, (7)
where Ip (with p = {H,V,D,A,R,L}) are the experimental
intensities,
ΠH = |H〉〈H| =
(
1 0
0 0
)
,ΠV = |V 〉〈V | =
(
0 0
0 1
)
, (8a)
ΠD = |D〉〈D| = 1
2
(
1 1
1 1
)
,ΠA = |A〉〈A| = 1
2
(
1 −1
−1 1
)
,
(8b)
ΠR = |R〉〈R| = 1
2
(
1 −i
i 1
)
,ΠL = |L〉〈L| = 1
2
(
1 i
−i 1
)
,
(8c)
denote the projector operators and
prp = 〈p|ρpol|p〉 = Tr(Πρpol) (9)
are the probabilities of the outcome polarisation state |p〉.
After a sufficient number of iterations to reach convergence,
we attain a density matrix ρpol, representing the reconstructed
polarisation state from which we can extract the values of the
phase ϕ(~r) and the coherence .
III. EXPERIMENT
Figure 1. Experimental setup. A diode laser at 810 nm, with an
average power P ∼ 100 nW prepared in the diagonal polarisation
state |D〉 with a first half-wave plate (HWP) is sent on a spatial light
modulator (SLM); to ensure the correct functioning of the device, the
incidence angle on the SLM is set to θ = 7.1◦. The SLM is composed
by 792× 600 pixels which can be independently set on a grey scale
varying from 0 to 255 which maps a spatial phase onto the 0-2pi
range to the wavefront with horizontal polarisation (H), preserving
the vertical polarisation wavefront (V) [21]. The phase-shaped beam
is then measured in polarisation with a standard apparatus composed
by a quarter-wave plate (QWP1), an half-wave plate (HWP1) and
a polarising beam splitter (PBS). The beam is then detected with a
CCD camera with resolution 1280× 1024 pixels.
Our experiment consisted in measuring the negativity of
shaped input fields by means of a spatially-resolved polarisa-
tion analysis, Fig. 1. We start taking the output of single-
mode fibre, thus ensuring we initially work with a Gaus-
sian mode. Its polarisation is prepared in the diagonal state
|D〉 = 1/√2(|H〉 + |V 〉), uniformly across its mode. The
beam is then directed onto a spatial light modulator (SLM),
which realises the coupling between the transverse position
and the polarisation. Indeed, at any given point, the SLM im-
3parts a phase ϕ(~r) between the horizontal and vertical polar-
isations in a controlled way, as demonstrated at the single-
photon level in [22]. We have set the SLM in order to ob-
tain two different configurations: a phase gradient along the
y-axis, and a phase discontinuity in the y-axis.
For each SLM setting we recorded on a CCD camera six
images corresponding to six different polarisations: |H〉, |V 〉,
|D〉, |A〉 = 1/√2(|H〉 − |V 〉), |R〉 = 1/√2(|H〉 + i|V 〉),
|L〉 = 1/√2(|H〉− i|V 〉). Polarisation measurements are im-
plemented through a standard apparatus consisting of an half-
wave plate (HWP), a quarter-wave plate (QWP) and a polar-
ising beam splitter (PBS). From the image corresponding to
the polarisation |p〉 we extract the average intensity Ip(j, k)
where the couple (j, k) identify a cluster of 5× 5 camera pix-
els. The choice of clustering stems from the need of reduc-
ing the computational time, however the size of the clusters
remains smaller than the characteristic features of the spatial
modes. Each intensity pattern is such that its integral delivers
the intensity of the selected polarisation component. The lin-
earity of the device has been tested by verifying Malus’s law
on a linearly polarised beam. We have adopted a cut-off for
intensities lower than 1% of the height of the total intensity
peak as this corresponds to the noise floor.
Figure 2. Experimental case of polarisation-mode coupling with the
phase gradient. a) Intensity shape of the V polarisation reconstructed
mode. b) Intensity shape of the H polarisation reconstructed mode. c)
Spatial phase gradient of the reconstructed beam mode (m = 3.913
mrad/pixel). d) Theoretical prediction (solid line) and experimental
values of the negativity for two different sizes of the beam mode (red
and green dots) identified by the standard deviation σ of the gaussian
beam intensity profile. Error bars are smaller than the point size.
We consider first the case of the phase gradient: Fig. 2a-
c shows a typical mode reconstruction where we plot a slice
of the intensities and phase for the sake of clarity. The spa-
tial shape of the beam is unaffected by the action of the SLM
for both polarisation; the sheer result is the introduction of
a position-dependent phase whose behaviour exhibits the ex-
pected linear trend. We have applied gradients with differ-
ent slopes m to our beam and evaluated the negativity for ev-
ery setting. The dispersion of the measured coherence values
(j, k) is beneath 3%: our description (4) is then well jus-
tified. The mean value  in ρ is then taken as the average
value weighted with the measured intensities [23]. The re-
sults, shown in Fig. 2d together with the theoretical predic-
tion, lie close to the ideal case [24]. Discrepancies can be at-
tributed to unexpected features of the beam, likely originated
by the other optical elements.
Figure 3. Experimental case of polarisation-mode coupling with a
phase jump. a) Intensity shape of the V polarisation reconstructed
mode. b) Intensity shape of the H polarisation reconstructed mode.
c) Spatial phase jump of the reconstructed beam mode (∆ = 1.394
rad). d) Theoretical prediction (solid line) and experimental values
(red dots) of the negativity. Error bars are smaller than the point size.
We apply our method to a more structured mode in which
the image of the SLM presents a phase discontinuity ∆. The
reconstruction of a typical case is reported in Fig. 3a-c where
it can be seen that, while the V mode is left untouched, the H
mode suffers a diffraction from the sharp edge. This is also re-
flected in the rich phase structure that we have reconstructed.
In Fig. 3d we plot the reconstructed negativities for different
phase jumps; the overall trend resembles that of the simple
prediction (solid line) that only considers the phase jump but
not the intensity and phase modulations. By our method we
can quantify the impact of such features on the coupling of
mode and polarisation. This is illustrative of the effectiveness
of condensing the information on such coupling into one pa-
rameter.
IV. CONCLUSIONS
Concluding, we have demonstrated that finding a quanti-
tative evaluation of the mode-polarisation coupling through
classical entanglement is feasible in general instances per-
forming a complete polarisation tomography typical of the
quantum approach. This allows, by isolating a single facet
of the problem, to obtain a meaningful numeric figure as a
result. We believe that this approach could be helpful in a di-
verse range of applications where the complexity of the prob-
lem is higher. This may be the case especially when dealing
with polarisation-transforming processes which depend on the
spatial position [25]. We think that the experimental simplic-
ity, conciseness, and informativeness of approaching classical
coherence with quantum-inspired methods will establish it as
the standard analysis technique.
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